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1. Introduction and main results
There are many examples of so-called universal Taylor series, these are functions holomorphic in a domain G ⊂ C, such
that the sequence of the partial sums of their Taylor expansion around a center ζ ∈ G has universal approximation properties
(see, e.g. [1,2,8,10]). The known results about such series have in common, that the approximation is considered only on
compact sets K which lie outside the domain of holomorphy G of the function f . It is natural to ask if such universal
overconvergence phenomena can also occur inside the domain of holomorphy.
Let C∞ denote the extended complex plane. For a domain G ⊂ C∞ , we write H(G) for the Fréchet space of functions
holomorphic in G , endowed with the topology of locally uniform convergence. Moreover, if 0 ∈ G we denote by sn f the
n-th partial sum of the Taylor expansion of f ∈ H(G) around the origin. In what follows we mainly consider functions f
which have a “maximal” domain of holomorphy, that is, functions which are holomorphic in C∞ \ {1} and vanishing at ∞.
For short, we write H0 for the corresponding subspace of H(C∞ \ {1}).
For a compact set K ⊂ C we say that (sn f ) is uniformly universal on K , if {sn f : n ∈ N} is dense in P (K ), where P (K )
denotes the closure of the polynomials in C(K ) with respect to the uniform norm ‖ f ‖K := supK | f (z)|. Moreover, for an
arbitrary set E ⊂ C we say that (sn f ) is pointwise universal on E if for every function h : E → C of the ﬁrst Baire class
there is a subsequence of (sn f ) converging to h pointwise on E .
In this note, we shall be mainly concerned with the question, for which sets E functions f ∈ H0 with pointwise or
uniformly universal Taylor sections sn f on E exist. Obviously, such sets have to lie outside the unit disk D.
To have a handy notation in the sequel, we say that quasi all elements of a Baire space enjoy a certain property if the
property is satisﬁed on a residual set in that space (that is, on a set containing a dense Gδ-set). In [9], Melas has shown
that for all countable sets E ⊂ C \ D quasi all functions f holomorphic in C \ {1} have the property that (sn f ) is pointwise
universal on every ﬁnite subset of E . Since every countable set may be countably exhausted by ﬁnite sets, it is easily seen
that Melas’ result implies the following:
For each countable set E ⊂ C \ D, quasi all f ∈ H(C \ {1}) enjoy the property that (sn f ) is pointwise universal on E.
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As this seems to be the only known result about universal overconvergence inside the domain of holomorphy, the
question arises if it can be extended and if other results in this direction are possible. First we want to show that, at least if
we stay away from the boundary of D, we can expect pointwise universality for f ∈ H0 only for sets E which are in some
sense very small. For this purpose, we introduce some more notations.
By cap(E), we denote the logarithmic capacity of a set E ⊂ C and, as usual, we call E a polar set, if cap(E) = 0. Further-
more, we shall need the following deﬁnition:
Deﬁnition. Let be given a power series f (z) =∑∞ν=0 aν zν with radius of convergence 1. We say that f has Hadamard–
Ostrowski gaps, if there is a sequence {pk,qk} of natural numbers with p1 < q1  p2 < · · · , such that
i) lim infk→∞ qkpk > 1,
ii) for I :=⋃∞k=1{pk + 1, pk + 2, . . . ,qk − 1} we have limsup ν→∞ν∈I |aν |
1
ν < 1.
Finally, for a power series f with radius of convergence 1 and for a set E ⊂ C \ D we say that (sn f ) is (pointwise)
overconvergent on E if a subsequence of (sn f ) exists which converges pointwise on E (to some complex-valued function).
Obviously, pointwise universality on E implies overconvergence on E .
We prove the following result, which is of interest in itself and which extends a result of Gehlen (see Theorem 3 in [4]).
Theorem 1. Let E ⊂ C \ D be a non-polar set and f (z) =∑∞ν=0 aν zν with radius of convergence 1. Suppose further that there exists
a subsequence (nk) of N such that
limsup
k→∞
∣∣snk f (z)∣∣
1
nk  1 for all z ∈ E.
Then for each ε > 0 there exists some q ∈ (0,1) such that
limsup
k→∞
max
qnkνnk
|aν | 1ν  1+ ε
cap(D ∪ E) .
The above theorem provides in some sense a connection between pointwise growth of the partial sums of f on certain
sets, and the size of the Taylor coeﬃcients of f . Since for a non-polar set E ⊂ C \ D the set E ∪ D has capacity > 1, we get
as a consequence:
Corollary 1. Let E ⊂ C \ D be a non-polar set. If f (z) =∑∞ν=0 aν zν has radius of convergence 1 and if (sn f ) is overconvergent on E,
then f has Hadamard–Ostrowski gaps.
According to the classical Wigert Theorem (see, e.g. [5, p. 51]), for every function f ∈ H0 a (unique) entire function ϕ of
subexponential type exists so that f (z) =∑∞ν=0 ϕ(ν)zν . As a consequence, due to a result of Pólya (see Theorem V in [11])
on entire functions of subexponential type, the Taylor series of any function f ∈ H0 \ {0} cannot have Hadamard–Ostrowski
gaps. So we obtain:
Corollary 2. Let E ⊂ C \ D be a non-polar set. If f ∈ H0 \ {0} then (sn f ) is not overconvergent on E. In particular, for no function
f ∈ H0 the sequence (sn f ) can be pointwise universal on E.
Remark 1. 1. Let DR := {z ∈ C: |z| < R} for 1 < R ∞. Since every function f ∈ H(DR \ B), where B ⊂ ∂D is closed, can be
written as f = f1 + f2 with f1 ∈ H(C∞ \ B) and f2 ∈ H(DR), and since f then has Hadamard–Ostrowski gaps if and only if
the same is true for f1, the assertion of Corollary 2 also holds for H(DR \ {1}) instead of H0. This also gives an alternative
proof for a recent result of Gardiner and Tsirivas (see [3]).
2. We are not able to make a statement in the case E ⊂ ∂D and it seems to be a very interesting question, if universal
overconvergence is possible for E ⊂ ∂D with cap(E) > 0.
Obviously, there is still a large gap between the result of Melas and the above Corollary 2. Our second theorem reduces
this gap and is an extension of Melas’ result. For a complete metric space (X,d) we denote by (K(X),dH ) the (complete)
metric space of all compact, non-empty subsets of X endowed with the Hausdorff metric. With this notation, we now have
the following:
Theorem 2. Let E ⊂ C \ D be a closed set. Then for quasi all f ∈ H0 the sequence (sn f ) is uniformly universal on quasi all sets
K ∈K(E).
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on E for some f ∈ H0. The question arises, what can be said about the structure of those compact sets K . It is known that
the family of perfect subsets of a compact set X is a Gδ-set in (K(X),dH ) (see, e.g. [7, p. 50]). For the sake of completeness,
we add a proof of the following variant:
Proposition 1. Let E ⊂ C be closed, non-singleton and connected. Then quasi all K ∈K(E) are perfect.
Remark 2. 1. According to Corollary 2, Theorem 2 and Proposition 1, for E ⊂ C \ D quasi all sets K ∈ K(E) are perfect and
polar. Since closed polar sets in C are in particular totally disconnected (see, e.g. [12], Corollary 3.6.4), quasi all K ∈ K(E)
are totally disconnected. By Mergelian’s theorem we have P (K ) = C(K ) for all totally disconnected compact sets. Thus, quasi
all f ∈ H0 enjoy the property that {sn f : n ∈ N} is actually dense in C(K ) for quasi all K ∈K(E). Moreover, it is known that
compact polar sets in C have vanishing Hausdorff dimension (see [13]).
2. As in Remark 1, in Theorem 2 the space H0 may be replaced by H(G) for more general domains G since the Melas
result for ﬁnite sets E actually holds in a more general setting. In fact, Melas has proved his Theorem 2 for all spaces
H(C \ B), where B is a discrete set in C \ D with 1 ∈ B .
2. Proofs
Proof of Theorem 1. Since f (z) =∑∞ν=0 aν zν has radius of convergence 1, it is easily seen that limsupn→∞ |sn f (z)|1/n  1
for all z ∈ D. Moreover, we may suppose that E is compact. We set K := D ∪ E .
In a ﬁrst step, we show that for arbitrary α > 0 there exists a compact set Kα ⊂ K with
cap(K ) − α < cap(Kα) (1)
and
limsup
k→∞
‖snk f ‖
1
nk
Kα
 1. (2)
Consider the subharmonic functions
ϕk(z) := log+
∣∣snk f (z)∣∣ 1nk = 1nk log
+∣∣snk f (z)∣∣.
According to our assumption, we have ϕk → 0 pointwise on K for k → ∞. Let μ be the equilibrium measure of K and let
I(μ) denote the energy of μ. We apply Egorov’s theorem to the sequence (ϕk) with respect to μ. With d := diam(K ) this
yields the existence of a Borel set Kα ⊂ K such that
‖ϕk‖Kα → 0 (k → ∞) (3)
and such that
m := I(μ)
μ(Kα)
−
(
1
μ(Kα)
− μ(Kα)
)
logd
is close enough to I(μ) to ensure
eI(μ) − em < α. (4)
Since μ is regular, we can assume that Kα is compact. Observe that (3) immediately implies (2).
We set μ˜(·) := 1μ(Kα)μ(Kα ∩ ·). Then μ˜ is a Borel probability measure on Kα . For its energy we obtain
I(μ˜) = 1
μ(Kα)
∫
Kα
∫
Kα
log |z − w|dμ(w)dμ(z)
= 1
μ(Kα)
( ∫
Kα
∫
Kα
log
∣∣∣∣ z − wd
∣∣∣∣dμ(w)dμ(z) + μ2(Kα) logd
)
 1
μ(Kα)
(∫
C
∫
C
log
∣∣∣∣ z − wd
∣∣∣∣dμ(w)dμ(z) + μ2(Kα) logd
)
= I(μ)
μ(Kα)
−
(
1
μ(Kα)
− μ(Kα)
)
logd
=m.
Hence, cap(Kα) eI(μ˜)  em , which implies (1) according to (4).
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cap(K ) − α
cap(K )
(1+ ε)
)
> 1.
As was shown above, there exists a compact set Kα ⊂ K such that (1) and (2) hold, and thus
ε˜ :=
(
cap(Kα)
cap(K )
(1+ ε)
)
− 1 >
(
cap(K ) − α
cap(K )
(1+ ε)
)
− 1 > 0.
By using a general version of Bernstein’s inequality (see Theorem 5.5.7 in [12]), a similar argumentation as in [4, pp. 498,
499] immediately gives us some q ∈ (0,1) such that
limsup
k→∞
max
qnkνnk
|aν | 1ν  1+ ε˜
cap(Kα)
.
Since
1+ ε˜
cap(Kα)
= 1+ ε
cap(K )
,
we are done. 
Proof of Theorem 2. We shall need one more lemma, the proof of which follows the ideas of Körner [6]. We use the
following notations. Let X be a locally compact and complete metric space. We endow the space C(X) of continuous
functions mapping from X to C with the topology of uniform convergence on compact subsets. For a compact subset
K ⊂ X , we consider the norm ‖ f ‖K := supx∈K | f (x)|. Furthermore, for the sake of simplicity, we shall denote the restriction
of f to K also by f , and for a family F of functions, the family of restricted functions (that is { f |K : f ∈ F }) also by F .
Lemma 1. Let X be a locally compact, complete metric space and let { f j: j ∈ N} ⊂ C(X). Moreover, let F be the closed linear span of
{ f j: j ∈ N} and suppose that there is a sequence (en) in F with the following property:
For all K ∈K(X), for all j ∈ N and for each ε > 0 there is some K˜ ∈K(X) and an integer N ∈ N such that
dH (K , K˜ ) < ε and ‖ f j − eN‖K˜ <
1
j
. (5)
Then the sequence (en) is dense in (F ,‖ · ‖K ) for quasi all K ∈ K(X).
Proof. For j ∈ N we set
B j :=
{
K ∈ K(X): ‖ f j − en‖K < 1
j
for some n ∈ N
}
.
The local compactness of X implies that every K ∈ K(X) has a compact neighborhood UK . Since K and the boundary of UK
have positive distance, and since the functions f j and en are uniformly continuous on every compact subset of X , the set B j
is open. Moreover, according to the assumption (5), B j is dense in K(X). Since (K(X),dH ) is complete, by Baire’s theorem
the set
⋂∞
j=1B j is Gδ-dense in K(X). Obviously, every set K ∈
⋂∞
j=1B j has the claimed properties. 
Theorem 2 now follows from the already mentioned result of Melas and Lemma 1. To see this, we set X = E and let
( f j) be an enumeration of all polynomials with coeﬃcients in Q + iQ. Then F = P (E), where P (E) is the closure of the
polynomials in C(E). Let further E ′ be a countable dense subset of E and let M be the family of all ﬁnite subsets of E ′ .
Then M is countable, and according to Baire’s theorem and the result of Melas, the set
U :=
⋂
M∈M
{
f ∈ H0: (sn f ) (uniformly) universal on M
}
is residual in H0. It is easily seen that M is also dense in K(E). Hence, the sequence (sn f ) in P (E) satisﬁes the property
of the sequence (en) in Lemma 1 for quasi all functions f ∈ H0. It follows, that for quasi all f ∈ H0, the sequence (sn f ) is
dense in (P (K ),‖ · ‖K ) for quasi all K ∈K(E). 
Proof of Proposition 1. We use a similar technique as Körner in [6]. Let E be given and (zn) be a sequence which is dense
in E . We set
A j,n :=
{
K ∈ K(E): K ∩ U 1 (zn) contains exactly one point
}
,j
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Baire’s theorem implies that
K(E) \
⋃
j∈N
⋃
n∈N
A j,n
is Gδ-dense in K(E). For every K in this intersection we have that for all j,n ∈ N, the set U 1
j
(zn) ∩ K is either empty or
non-ﬁnite. Hence, K is perfect. 
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